The factorial design is used for the study of the effects of two or more factors simultaneously. It has distinct advantages over a series of simple experiments, each designed to test a single factor.
As an example, let us consider the case in which we wish to study experimentally the effcct of three different kinds of fertilizers, A, Band C, on the yield of a certain crop. There are altogether eight fertilizer combinations: AoBoCo, AoBoC!, AoBICo, AoBICI, AIBoCo, AIBoCI, AIBICo and AIBICI, where Ao means the absence and Al means the presence of the fertilizer A, and so forth. Suppose that 3 trials are made with each fertilizer combination; then for any particular fertilizer, we have for comparison 12 observations in which the fertilizer is applied and 12 in which it is not applied. So a factorial experiment can be regarded as a number of simple experiments superimposed on each other. Every observation supplies information on each of the factors studied. One factorial experiment serves the purpose of a number of simple experiments of the same size. But a series of simple experiments will throw no light whatever on the interaction of the different factors, and this will be shown in a factorial experiment. If, for example, the presence of A were advantageous in the presence of B, but were ineffect.ive in its absence, we could hope to learn this fact only by carrying out our test of A both in the presence and in the absence of B.
The number of factors studied in factorial design is not necessarily limited to two or three, and moreover, the number of levels or variations for each factor is not necessarily two. As the number of factors or the number of levels of the factors or 1 PI'oject No, 514 of the Iowa Agricultural Experiment Station. Condensed from a thesis submitted to the graduate faculty of Iowa State College in partial fulfillment of requirements for the degree, Doctor of Philosophy, The complete thesis, doctoral thesis No, 726, is on file In the library of Iowa State College.
• The author wishes to ackno\Yledg-e with appreciation the IntN'est, ,,,lviel' and assistance of Prof, "T. G. Cochran throughout the pl'epamtion of thi~ bulletin, both increase, the total number of treatment combinations, which is the product of the numbers of levels of different factors, increases very rapidly. So the number of treatment combinations usually tends to be large. The soil fertility of a field is usually heterogeneous. The size of a block which is assumed to be homogeneous has to be kept reasonably small. When the number of treatment combinations is large, confounded designs enable the experimenter to reduce the block size so that each replication occupies two or more blocks. The experimental contrasts between the different blocks within each replication may be so arranged that they are contrasts between unimportant interactions. the study of which the experimenter is willing to sacrifice for the sake of increasing the precision of the remaining contrasts in which he is specially interested.
For illustration, let us go back to the example of fertilizers A, Band C. Suppose that the experimenter is not interested in the second order interaction which is estimated from the comparison (AIBICI + AIBoCo + AoBICo + AoBoCI) -(AbBoCo + AoBICI + AIBoCI + AIBICo). The eight treatment combinations can be put into two blocks instead of one. The treatment combinations AIBICI, AIBoCo, AoBICo and AoBoCI go to 'one block and AoBoCo, AoEICI, AIBoCI and AIB1Co go to another. Then the difference between these two blocks represents the second order interaction.
A number of confounded experiments were designed by Fisher, Yates and others. There are, however, gaps between the available designs. The object of this paper is to give some new designs which will partially fill in the gaps now existing.
Another purpose of this paper is to give the designs of the n X 2 X 2 type. The cases for n == 2 and 3 are already available.
Those for n = 4 and 5 are given here. The author also worked out the cases for n = 6 and 7, but he has been unable to reduce the I1nalysis to a simple form so that the sum of squares can be readily computed. For this reason these designs are 'lot given. The confounded designs published so far for the 31 experiments mentioned above, including. those given in this paper, are listed in table 1.
REVIEW OF LITERATURE CHRONOLOGICAL REVIEW OF WORK IN CONFOUNDING OF FACTORIAL DESIGNS
Fisher (1926) first suggested the confounded design. Rothamsted Experimental Station used such designs as early as 1927 . When Fisher and Wishart (1930) gave the explanation of the numerical procedure· of the analysis of randomized block and 455-Latin square experiments, they also ·gave an example of a confounded experiment: Yates (1933) explained the principles of confounding in mOI'e detail, discussing the different types of _~Qnfounding and setting out the appropriate methods of analysis. Later, Yates (1935) gave some more illustrations of confounded designs and diRcussed their .relative efficiency compared with randomized blocks. Barnard (1936) enumerated the confounding arrangements possible in a factorial design of the 2 n type and showed how these might be obtained. Yates (1937) gave numerous confounded designs and their methods of analysis in his monograph, which is the most extensive treatment of confounded designs published to date.
This waS followed by Nair's (1938 Nair's ( , 1940 investigation of the construction of pn designs. Fisher (1942) developed the connection of the system of confounding of the pn type with that of Abelian grou{:s, poved a general pro{:csition connecting the minimal size of block required with the number of factors involved, and supplied a catalogue of systems of confounding available up to 15 factors each at 2 levels. (10 possible designs):  4X4X4, 4X4X3, 4X4X2, 4X3X3, 4X3X2, 4X2X2,  3X3X3, 3X3X2, 3X2X2, 2X2X2.  Four-factor group (15 possible designs):  4X4X4X4, 4X4X4X3, 4X4X4X2, 4X4X3X3,  4X4X3X2, 4X4X2X2, 4X3X3X3, 4X3X3X2,  4X3X2X2, 4X2X2X2, 3X3X3X3, 3X3X3X2 , 3X3X2X2, 3X2X2X2, 2X2X2X2. When there are only two factors, the number of treatments is comparatively small, and it is usually unnecessary to use the confounded designs. Besides, the first-order interactions are often too valuable to be sacrificed. A method for the construction of a confounded 4X4 design, which has the largest number of treatments among the two-factor experiments,· is given by Yates (1937) . The plan for this design is presented below.
Five of the ten possible three-factor designs are already available. The remaining five are given in this paper. Some four-factor designs have been given by Yates (1937) and Nair (1938) (see table 1 ). Yates (1937) proposed methods of construction for the rest of the four-factor designs, as extensions of three-factor designs. All of the three four-factor designs given in this paper, 4X2X2X2, 3X3X2X2 and 3X3X3X2, are extensions of three-factor del:ligns.
NEW CONFOUNDED DESIGNS GENERAL DISCUSSION ON CONSTRUCTION OF CONFOUNDED DESIGNS CRITERIA FOR A DESIGN
The confounded designs given in this paper are constructed for experiments where the main effects and the lower-order interactions are of most interest, and where simple methods of analysis are desired. Therefore. in constructing the designs at least four criteria must be borne in mind. First, the main effects should be kept clear. Second, lowp.r-order interactions should be confounded to a less extent than higher-order ones. Third, an interaction which has more than 1 degree of freedom should be confounded as evenly as possible. For example, the interaction ABC of the 5 X 2 X 2 experiment has 4 degrees of freedom, each of which should be confounded to the same extent. Fourth, the method of analysis should be reasonably simple, so that the sums of squares for the partially confounded interactions can be readily computed.
METHOD OF ANALYSIS
The analysis of variance for an experiment can be regarded as a problem of multiple linear regression. If Yi ; is the yield of the plot in the ith block which receives the jth treatment, we set up the following hypothesis:
where p. is the mean yield of thE' experiment. (3; is the effect of the ith block and 'T'i is the effect of jth treatment, these being population parameters to be estimated, while e;i is the experimental error of the plot.
The parameters p., (3; and 'T'i In a confounded experiment, part of the information regarding certain interactions is sacrificed. The ratio of the number of plots used in estimating a certain interaction in a confounded experiment to ,the number of plots which would have been used with randomized blocks is called the relative information for that interaction. The relative information, which is given below for each of the interactions that are confounded, helps the experimenter to judge whether a given plan should be used. A confounded design is not recommended unless the experimenter is willing to sacrifice the required amount of information regarding certain interactions.
COMPUTATION OF TREATMENT MEANS FOR SUMMARY TABLES
In a randomized block design, the mean of a certain treatment is simply the sum of the yields for this treatment divided by the number of replications. But in a confounded experiment, the block and treatment effects are entangled. In computing the treatment means free from this entanglement, we may either calculate the block effects and adjust each treatment mean for every block in which the treatment is represented, or we may express the treatment mean in terms of main effects and interactions which have been freed from block effects. Since the two methods give identical results, the choice between them depends solely on computational convenience. An appropriate method of adjustment is described below for each of the designs presented.
For a t-test of any comparison of the adjusted treatment means, the standard error should have a corresponding adjustment. In the 4 X 4 experiment, fo.r example, the main effects are kept clear and the relative information for the interaction is 2/3. In any comparison of the main effects, the formula for the standard error needs no adjustment; but in It comparison which forms a part of the interaction, the usual formula for the standard error is multiplied by "1/3/2, or more generally by the square root of the reciprocal of the relative information.
With comparisons of the form
which are composed partly of main effects and partly of interactions, the multiplier in the 4 X 4 experiment 1,ies between 1 and "1/3/2; it may be shown to be "1/11/8. Even in this experiment where the relative information for the interaction is as low as 2/3, the multiplier "1/11/8 differs little from "1/3/2. In cases where the relative information is high, the square root of the reciprocal of the relative information can safely be used as the multiplier. This practice tends to overestimate the standard error and is therefore on the conservative side in the comparison of the treatment means. In this design (table 2) the main effects and the interaction BC are kept clear. The rest of the interactions are confounded with blocks to the same extent, and since the block effect has 3 degrees of freedom in each of the 3 replications, 9 degrees of freedom are confounded. The numbers in the body of the table are subscripts of the letters immediately above and represent levels of treatments. Thus, 0 0 0 stands for the treatments aoboco. In a table of experimental results, the yield of the plot receiving .the treatment aobeco would replace the symbol, 0 0 O.
COJlIPUTING INSTRUCTIONS
After entry of the plot yields in table 2, the sums of squares for the 12 blocks, the 3 main effects and the interaction BC are In this design (table 3) the 3 degrees of freedom of the secondorder interaction are partially confounded. This is the only plan which keeps the main effects and the first-order interactions clear. 
.
COllIPUTING INSTRUCTIONS
The sums of squares for blocks, main effects and first-order interactions are calculated in the usual manner. For the sum of squares for interaction ABC, calculate Bmn, the sum of the yields in block (mn), together with T mn, the total yield of the 24 plots having the 8 treatments in block (mn). Then calculate P mn = T mn -Bmn, and the sum of squares for ABC:
Only two replications instead of three were used in estimating the interaction ABC. Hence the loss of information regarding ABC due to confounding is 1/3.
CONSTRUCTION OF SUlIIJlIARY TABLES
The block adjustment values are m = 1, 2, 3; n = I, 2.
Example: Treatment (211) occurred in blocks (12), (21) and (32).
where (211)' is the adjusted mean and (211) is the unadjusted mean of the treatment (211). Since ABC alone is confounded the adjustment is needed only in presenting a table showing all 16 treatment mean yields.
X DESIGN IN BLOCKS OF PLOTS DISCUSSION OF THE DESIGN
This design (table 4) was originally suggested by Yates (1937) . The treatments are grouped into blocks so that the 9 degrees of freedom of the interactions are evenly confounded. The sums of squares of blocks and main effects are calculated in the usual manner. For the interaction sum of squares calculate the totals T mn and Bmn as before, then calculate P mn = T mn -Bmn. The sum of squares for the interaction AB is
where G is the grand total and Rm is the total of the mth replication. Note that G = ~R and };P = 2G.
LOSS OF INFORMATION DUE TO CONFOUNDING
All}"9 degrees of freedom of the interaction are confounded. Only two out of three replications were used in estimating their effects. The loss of information regarding the interaction AB due to confounding is therefore 1/3. ~: . i~. :
CONSTRUCTION OF SUMMARY TABLES
The block adjustment values are
Example: The treatment (00) occurred in bloc~s (11), (21) and (31), hence ..
where (00)' is the adjusted mean and (00) is the unadjusted mean of the treatment (00).
4X4X3 DESIGN IN BLOCKS OF 12 PLOTS
Since 16 is not a factor of 12, the interaction AB cannot be completely unconfounded when the experiment is arranged in blocks of 12 plots. The plan of table 5 confounds the interaction AB only. As far as the factors A and B are concerned, the present plan is the same as that given in the 4 X 4 experiment. This design, which keeps the second-order interaction clear, is adopted only because the method for computing the sum of the squares is simple. Another plan (table 14) which retains more information on AB at the expense of some extra computation is given on page 486.
The instructions for computing the sum of squares of the interaction AB are identical to those given in the 4 X 4 experiment, except that the divisor must be multiplied by 3. The loss of information regarding the interaction AB due to confounding is still 1/3.·· The block adjustment value is In this experiment, 3 degrees of freedom have to be confounded in each of the 3 replications. When 2 of the 3 degrees of freedom are arbitrarily chosen, the remaining onc is uniquely determined. Even though there are 9 degrees of frecdom of the second-order interaction, it is impossible to divide them into 3 groups of 3 degrees of freedom each EO that only the sccond-order interaction. is confounded. In each replication of this design (table 6) 2 degrees of freedom of the second-order interaction are confounded. These degrees of freedom are chosen in such a way that the remaining one is that of interaction AB. Therefore, in this design the main effects and interactions AC and BC are kept clear, and the second-order interaction ABC is confounded to the greatest possible extent. Three of the 9 degrees of freedom of the interaction AB and 6 of the 9 degrees of freedom of the interaction ABC are confounded.
COl\IPUTING INSTRUCTJONS
The sums of squares of blocks, main effects and interactions AC and BC are calculated in the usual manner. For the interactions AB and ABC calculate the totals Bmn and T "m as before, then the quantities P m1l = T mn -Bmn.
Calculate the sums of squares for interactions AB and ABC in the usual manner. To the sum of squares for AB thus obtained add
The resulting quantity is the sum of squares for the interaction AB. , To the sum of squares for ABC calculated in the usual manner, add
LOSS OF INFORlIlATION DUE TO CONFOUNDING
Only 2 of the 3 replications are used in estimating the 9 degrees of freedom which are confounded. The loss of infol-mation regarding these degrees of freedom is 1/3. But only 3 of the 9' degrees of freedom of the interaction AB are confounded. Therefore the average loss of information regarding interaction AB is (6XO + 3X 1/3)/9 or 1/9. The average loss of information regarding interaction ABC, 6 of whose 9 degrees of freedom are confounded, is (3XO + 6Xl/3)/9 or 2/9. Example: The treatment (GOO) occurred in blocks (12), (22) and (32), so that
The adjustment is needed only in presenting the tables showing AB and ABC.
IN BLOCKS OF 16 PLOTS
In this design (table 7) the main effects and all the first-order interactions are kept clear. One degree of freedom of the interaction ABC is confounded in each replication. Any number of replications up to 9 can be used.
COlllPUTING INSTRUCTIO:oiS
The sums of squares for blocks, main effects and first-order interactions are calculated in the usual manner. Suppose that the first k replicates of table 7 are used in an experiment. For Block Block Block Block Block Block 
This shows that no matter how many replications are used, the average loss of information regarding the interaction ABC is always 1/9.
CONSTRUCTION OF SUlIrJ\IARY TABLES
The adjustment is needed only in presenting the tables showing ABC.
4X2X2X2 DESIGN IN. BLOCKS OF 8 PLOTS DISCUSSION OF THE DESlGN
In this experiment 3 degrees of freedom have to be confounded in each of the 3 replications. When 2 of the 3 degrees of freedom are arbitrarily chosen, the remaining one is uniquely determined. It is impossible to confound all the 3 degrees of freedom of the third-order interaction ABCD in a single replication. If 2 de~ grees of freedom of ABC D are chosen, the remaining 1 degree of freedom is that of the main effect A. If 1 degree of freedom of ABCD and 1 degree of freedom of a second-order interaction are chosen, the remaining one is either that of the main effect A or that of a first-order interaction. Therefore, in order to keep the main effects and the first-order interactions clear, we must keep ABCD clear.
In this design (table 8) the main effects, first-order interactions, the second-order interaction BCD and the third-order interaction ABCD are kept clear. The second-order interactions ABC, ABD and AOD are confounded to the same extent.
OOMPUTING INSTRUOTIONS
The sums of squares for blocks, main effects, first-order interactions and the interactions BCD and ABCD are calculated in the usual manner. For the sums of the squares of the interactions ABC, ACD and ABD, calculate Bmn, Tmn and Pmn as heretofore. Then the sums of squares for the confounded interactions are:
and ABD: 64 L: P ml -P m2 -P m3 + P m4 • m=l
LOSS OF INFORMATION DUE TO OONFOUNDING
The effect of every degree of freedom of the interactions ABC, ACD and ABD is estimated by two replications instead of three. Therefore the loss of information regarding the interactions ABC, AOD and ABD is 1/3. 
RECOMMENDED NUMBERS OF REPLICATIONS FOR THE PREVIOUS DESIGNS
With the 4X4X2 design in blocks of 16 plots, any number of replicates may be used. For the rest the number of replications should be 3 or a multiple of 3, say 3d, in order to avoid a complex analysis.
In the analysis of variance, the computing instructions remain the same for d = 1, 2, 3 ..... except that T mn is the total of d groups and Bmn is the total of d blocks, and the divisors are multiplied by d.
The blocK adjustment value is hmn/d.
5X2X2 'DESIGN IN BLOCKS OF 10 PLOTS DISCUSSION' OF THE DESIGN
This 5X2X2 design (table 9) keeps the main effects and the interactions AB and AC clear, and also keeps the extent of confounding for BC to a minimum; further, the 4 degrees of freedom of ABC are evenly confounded. For simplicity in the method of analysis, all five replications should be used. The sums of squares for bloQks, ;main effects and interactions AC and AB are computed iI\,.the usual manner.
The sum of squares for BC is , (51 + ~G)'~/2400''';; (51' + -01 ' + !G2 + Gs + 'G4 + Go)2/2400, where I is the total, (boco + bici -bocl -b1Co), and Gr.' is the total of block 1 minus that of block 2 of the kth replication.
Forjhe sum of squares for ABC, the quantities R should be computed:
where lk is the total (akboco + akblc] -ak bocl -akb1Co). Note that the sum of the R's is zero.
Then calculate the P's:
The sum of the P's is also zero. The sum of squares for ABC = ~P2/6820.
LOSS OF INFORllATION DUE TO CONFOUNDING
The loss of information regarding the interaction BC is 1/25; that is, an amount of information equivalent to that resulting from 1/5 replication. The loss of information regarding ABC is 6/25; that is, an amount of information equivalent to that resulting from 1 1/5 replications.
CONSTRUCTION OF SUMMARY TADLES
For the construction of the summary tables, the values i and i k and the effects of the interactions BC and ABC respectively, should be computed as below: a.
The individual treatment means, adjusted for block effects, are given by and so forth.
Using the relation that ~ik = 0, the table involving Band C only is given by and
Tables involving A and B only or A and Conly necd no adjustment.
3X3X2X2 DESIGN IN BLOCKS OF 12 PLOTS DISCUSSION OF TIlE DESIGN
Since 9 is not a factor of 12, the interaction AB cannot be completely unconfounded when the experiment is arranged in blocks of 12 plots. The design whieh keeps the extent of the confounding of AB to a minimum was inve!3tigated but discarded because the method of calculating the sums of squares was too laborious. In the plan of table 10 only the interactions AB and ABeD are confounded, the loss of information regarding AB being 1/8, which is reasonably small. The chief advantage of this design lies in the simplicity of the method (·f analysis. where (pq) denotes the total yield of the plot.s receiving the treatment of factor A at the level p and of factor B at the level q. When there is no confounding, the sum of squares for AB is given (apart from a numerical divisor) by the sums of squares of deviations of the 1's and J's respectively, which are called the 1 and J components of the interaction AB.
In replications 1 and 2, the 1 component of the interactions AB and ABCD is confounded; and in replications 3 and 4, the J component is confounded. If only 2 replications are wanted, either 1 and 2 or 3 and 4 may be used.
COMPUTING INSTRUCTIONS
The sums of squares for blocks, main effects and all the interactions except AB and ABCD are calculated in the usual manner.
TWO REPLICATIONS
If only replications 1 and 2 are used, the interactions AB(l) and AB(l)CD are confounded. For the-sum of squares of AB(I), calculate the quantities
where Bmn is the total of the nth block of the mth replication.
Note that ~(2Q) = O. Finally we require:
and
Note that ~P is equal to the total yield of (codo-eodl-Ctdo+ctdl). The method of analysis for replications 3 and 4 which confound the J component is obtained from the above instructions by writing J for I and B4n for B1n and B2n respectively, where n = 1,2,3.
FOUR REPLICATIONS
To obtain the sum of squares for AB(I), calculate the sums of squares of deviations of the quantities 2Q as above; note, however, that cach total I is taken over the whole experiment. The divisor 72 must be replaced by 168. The sum of squares for AB(J) is similarly obtained. The sum of squares for AB (I)CD is obtained by calculating the quantities 2P and replacing the divisor 24 by 120, and similarly for AB(J)CD.
LOSS OF INFOR~rATION DUE TO CONFOUNDING
The'loss of information regarding ABCl) or ABCJ) due to confounding is 1/4. But in replications 1 and 2, ABCJ) is unconfounded, and in replications 3 and 4, AB(l) is unconfounded. Hence, whether 2 or 4 replications are used, the average loss of information regarding the interactionAB as a whole is (2 X ° + 2 X 1/4)/4 = 1/8. The loss of information regarding the interaction ABCD is 3/8, whether 2 or 4 replications are used.
CONSTRUCTION OF SUl\IMARY TABLES
To adjust the treatment means, it is simpler in this case to adjust the interaction effects than to estimate the block adjustments. When replications 1 and 2 are used, the effects Uk and Vk of the interactions AB(l) and AB(l)CD are Uk = 2Qk/36 and v" = 2Pk /12 -2:2Pk /36; k = 1, 2, 3.
If these interactions were not confounded, their effects would be
where G is the grand total of the experiment and I k , hCD, Q" and Pk were defined in the computing instructions. All these quantities were used in the calculation of the sums of squares The adjustment required for the individual treatment means is to add (Uk -u',,) -(Vk -v',,) to those treatments with A and B at the levels corresponding to lk and with C and D at the levels (01) or (10), but add
to those with C and D at the levels (00) or (11). For example, the adjustment required for the mean of the treatment (0100) is to add (U3 -U'3) + (V3 -V'3)to it. If four replications are used, make an additional adjustment for the interactions AB (J) and AB(J)CD. Note that the treatment (0100) belongs to 13 and also to J 2• The adjustment is needed only in presenting the tables showing AB and ABCD. Because ~v" = ~tI'" = 0, the adjustment value becomes (u" -u',,) in presenting the table showing AB.
4X3X3 DESIGN IN BLOCKS OF 12 PLOTS DISCUSSION OJ!' THE DESIGN
This design (table 11) is derived from the 3X3X2X2 experiment. The confounding of the first-order interaction BC is unavoidable because 9 is not a factor of 12, which is the number of plots in each block. Its extent of confoundillg, however, is not kept to the minimum, and furthermore, the interaction ABC is not evenly confounded. But the design is adopted because its method of analysis is simple.
The main effect A can be divided into 3 single degrees of freedom, AI, A2 and A a, where Al is (-aD -al + U2 + as), At is (-aD + al -a2 + as) and As is (au -al -a2 + a3). They are respectively analogous to the main effects C and D and the interaction CD in the 3X3X2X2 experiment. The method of -------------- Block Block 1 1 1 1 1 2 1 1 0 1 2 2 1 2 0 1 2 1 1 2 0 1 2 1 1 2 2 2 0 1 2 02 2 0 0 2 0 2 2 00 2 0 1 2 1 0 2 1 1 2 1 2 211 2 1 2 2 10 2 2 2 2 2 0 2 2 1 2 2 0 2 2 1 2 22 3 0 2 3 0 0 30 1 3 0 1 3 02 300 3 1 1 3 1 2 3 1 0 3 1 0 3 1 1 3 ·1 2 3 2 0 3 2 1 3 2 2 3 2 2 3 2 0 3 2 1-analysis is similar to that given in the 3X3X2X2 experiment. In replications 1 and 2, the interactions BC(I) and AaBC(I) are confounded; and in replications 3 and 4, the interactions BC(J) and A3BC(J) are confounded. Here BCCl) is the I component of the BC interaction, as defined in the discussion of the 3X3X2X2 design. If only two replications are 'Yanted, either replications 1 and 2 or 3 and 4 may be used.
The sums of squares for the blocks, main effects and all the interactions except BC and ABC are calculated in the usual manner.
TWO Rfo:l'LICATIONS We will assume that replications 1 and 2 are used. For the sum of squares of BC(I), calculate the quantities
, where I k is the total of the six treatments belonging to I k, and Bmn is the total of the nth block of the mth replication. Note that ~2Q=O. The sum of squares for BC(!) is k=1, 2,3.
For BC(J), which is unconfounded, ealculate
For the sum of squares of the interaction ABC, calculate the quantities The resulting quantity is the sum of squares for the interaction ABC.
FOUR REPLICATIONS
The quantities Q k are obtained by the formula given for two replications, except that the total h is taken over the whole experiment. The sum of squares for BC(!) is
For BC(J), which is also confounded, first obtain the quantities 2Q'I' 2Q'2 and 2Q'3, found by sUbstituting J for I, Ban for BIn and B4n for B2n in the formulae for 2QI, 2Q2 and 2Q3 respectively. The sum of squares for BC(J) is where G is the grand total of the experiment and 1,., (IkA a), P and Q were defined in the computing instructions.
The adjustment required for the treatment means is to add
to those treatments with Band C at the levels corresponding to I" and with A at the levels 1 and 2, but add
to those with A at the levels 0 and 3. For example, the adjustment required for the mean of the treatment (000) is to add (Ul -U'l) + (Vl -V'l) to it. The adjustment required for the mean of the treatment (101) is to add (U3 -U'3) -(V3 -V'a) to it. If four replications are used, repeat the adjustment for the interactions BC(J) and A3BC (J) . Note that the treatment (000) belongs to 11 and Jl, and the treatment (101) belongs to 13 and J 2• The adjustment is needed only in presenting the tables showing BC and ABC. Because ~Vk = ~V'k = 0, the adjustment value becomes (Uk -U'k) in presenting the ' (1937) 3X3X2 design in blocks of 6 plots. Since 27 is not a factor of 18, which is the number of plots in each block, the interaction ABC cannot be kept clear. In addition to ABC, the interaction ABCD is also confounded, but for the sake of simplifying the method of computing the sum of squares, these interactions are not evenly confounded.
Analogous to the 2 orthogonal pairs of degrees of freedom for the interaction of 2 factors having 3 levels each) the 8 degrees of freedom for the interaction of 3 factors having 3 levels each can be divided into 4 orthogonal pairs. Each pair is given by the contrasts of the sums of three sets of nine plots each. The four groups are denoted by W, X, Y and Z respectively3. The W component of the interactions ABC and ABCD is confounded in replications 1 and 2, and the X component is confounded in replications 3 and 4. The three sets Wl , W2 and W3' consist respectively of the first nine plots of the third, first and second blocks of the first replication given in table 12, with the factor D neglected. The three sets Xl, X2 and Xa consist of the corresponding plots of the third replication. Only replications 1 and 2 or all 4 replications may be used for an experiment ..
COlllPUTING INSTRurTIOXS
The sums of squares for blocks, main effects and all the interactions except ABC and ABCD are calculated in the usual manner.
If only replications 1 and 2 are used, the interactions ABC(W) and ABC(W)D are confounded. For the sum of squares of • cr. Yates (1937) . p. 42. 
ABC(W), calculate the quantities
and 2W3
where Wk is the total of the 9 treatments belonging to the set Wk, k= 1,2,3; Bmn is the total of the nth block of the mth replication, Note that ~2Q = O. 
and 
·
If all four replications are used, both the Wand the X components of the interactions ABC and ABCD will be confounded. To obtain the sum of squares for ABC(W), the quantities Q are calculated as above; but each total Wk is taken over the whole experiment. The sum of squares of deviations of the Q's is divided by 252. The sum of squares for ABC(W)D is obtained by calculating the quantities P as above, noting that each total WkD is taken over the whole experiment. The divisor 36 must be replaced by 1&0. The sum of squares for the X component are similarly obtained, but in calculating the P and Q values, the totals W, BIn and B 2n are replaced by X, B 3n and B 4n respectively. The sums of squares of the unconfounded components of the interaction ABC and ABCD are calculated in the usual manner.
LOSS OF INFORlIlATION DUE TO CONFOUNDING
The loss of information regarding the confounded components of the interactions ABC and ABCD is 1/4 and 3/4 respectively. Therefore the average loss of information regarding the interaction ABC is (6XO+2X 1/4) 
where G is the grand total of the experiment, and W", W"D, P and Q were defined in the computing instructions.
The adjustment required for the treatment means is to add v" -v',,) to those nine treatments belonging to W" and also having the factor D at the level 0, but add
to those having D at the level 1. For example, the adjustment required for the mean of the treatment (1000) (CI -co) of the interaction AC is confounded in replications 1, 2 and 3 of the design shown in table 13; (a3-at-al+ao)(cl-CO) is confounded in replications 4, 5 and 6; is confounded in replications 7, 8 and 9. There are three plots in each block receiving the treatment of a certain level of the factor A. The design is so arranged that two of them receive one level and one receives the other level of the factor C. As far as the two plots which contain the whole set of the two levels of C are concerned, the interaction AC is not confounded. The remaining plot which receives either one of the two levels of C really causes the confounding of AC . . Hence the extent of the confounding of this interaction is kept to the minimum. In addition to AC, the interaction ABC is also confounded. 
B1n~k
Blonk Block 
The relative information regarding the 1 degree of freedom of the interaction AC .which is confounded is 8/9 and that regarding the 2 degrees of freedom of the interaction ABC is 5/9. Therefore the average loss of information regarding the .interactions AC and ABC is 1/27 and 4/27 respectively. This holds also for six and nine replications. CONSTRUCTION The quantities ia, is', iSq and ia/, and i 2, i2', i 2q and i2/ are calculated as before but the new set of divisors is used. The treatment means arc adjusted as they are in the six-replication case. Then add the quantity i l +ilq-it' -ilq' to the means of the treatments (OqO), (lqO), (2ql) and (3ql); and subtract the same quantity from the means of thp. treat.ments (Ogl) The advantage of the 4X4X3 design given on page 463 lies in its simplicity of analysis. But it is not commendable if the experimenter is interested in the interaction AB whose relative information is only 2/3. To avoid this defect, another plan (table 14) which increases the relative information regarding AB to 26/27 is constructed.
The 9 degn'es of freedom of the interaction AB can be divided into 3 components, say I, J and K, each with 3 degrees of freedom. The I component of the interactions AB and ABC is confounded in replications 1, 2 and 3; the J component is confound-ed in replications 4,5 and 6; and the K component is confounded in replications 7, 8 and 9. Either 3, 6 or 9 replications may be used for an experiment. Block Block Block Block Block Block where (pq) is the total of the three treatments which receive the pth level of the factor A and the qth level of the factor B. For example (01) is the total of the treatments (010), (011) and (012). These quantities will be needed in computing the sum of squares for the interaction flB. The totals I nT, J nT and K .. " which are taken over a particular level r of the factor C, are needed in computing the sum of squares for the interaction ABC.
FI;U,T THREE REPLICATIONS USED
The sum of squares for blocks, main effects and the interactions AC and BC are calculated in the usual manner. For the sum of squares of AB, calculate the quantities P n = 3In + Bin + B2n + Ban; n=l, 2, 3, 4,  where Bmn is the total of the nth block of the mth replication. The sum of squares for AB is 3 1 6 [2":Jn2 + T,Kl -~ G2J + 2~8 [T, Pn2 -~ (~Pn)2 J; n = 1, 2,3,4. Note that T,P n = 4G, where G is the grand total of the experiment. Note that P nO + P nl + P n2 = P n -G.
The sum of squares for ABC is 112 (2;2; J"r 2 + 2;2;K nr 2 ) -3~ (2;Jn2 + 2;K,,2 + ~ G2) + 6 1 0 2;~Pnr2 -1~o [~p,,-i(2;P,,)2J; n=1,2,3,4; r=0,12. Note that some of the quantities of the above expression were already obtained in the calculation of the sum of squares for AB. 72 Ci:-K n 2 -'4 G2 ) + 612 2;P,,2 -'4 (~Pn)2 + 6~2 [~Qn2 -i (2;Qn)2J; n= 1, 2, 3, 4.
Note that 2;Pn =3G+RI +R2+R3, where G is the grand total of the experiment and R j is the total of the jth replication. For the sum of squares of the interaction ABC, calculate the quantities P nr as before. The quantities Qnr are calculated in the same way as P nr except that I fir is replaced by J nr, and Blm, B2m and B 3m are replaced by B4m, Born and B6m respectively. Therefore:
:3Qn = 3G + R4 + Rs + R6, P nO + P nl + P n2 = P n -(RI + R2 + Ra) and QnO + Qnl + Q,,2 = Qn -(R4 + R. + Rs). r=O, 1,2.
All the totals, P, 1 and G, are defined in the computing instructions. To adjust the treatment means, add the quantity to the means of the treatments which belong to the In group as defined in the computing instructions and receive the rth level of the factor C. For example, the tr~atment(OlO) belongs to the group 12, and receives the level 0 of the factor C. Its appropriate adjustment value is (i2+i2o -i2' -i2o'). The adjustmentis needed in presenting the tables showing AB and ABC.
• • Because T, i nT = T, in.' = 0, the adjustment value reduces to (in -in') (i2 + i 21 -i2' -i 21 ') + (ja + j3! -js ' -jal') 
